Multiple solutions of two-point boundary value problems of ordinary differential equations in Banach spaces  by Guo, Dajun & Lakshmikantham, V.
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 129, 211-222 (1988) 
Multiple Solutions of 
Two-Point Boundary Value Problems of 
Ordinary Differential Equations in Banach Spaces 
DAJUN Guo 
Shandong University, Jinan, People’s Republic of China, and 
University of Texas. Arlington, Te.ras 76019 
AND 
V. LAKSHMIKANTHAM 
University of Texas, Arlin,qton, Texas 76019 
Submitted by V. Lmkshmiknntham 
Received June 23, 1986 
1. INTRODUCTION 
Let P be a normal cone of the real Banach space E. Denote the normal 
constant of P by N (see [3]), i.e., 8 <x < y implies ljxll < N llvl/, where 0 is 
the zero element of E. Consider the two-point BVP 
-x”=f(1, x), t E I; x(0) = x( 1) = 8, (1) 
where Z= [0, I] and ,f is a continuous mapping from Ix P into P, i.e., 
f~ C[Zx P, P]. Assume f(t, 0) = 8 for 1 E Z, then x(t) = 0 is the trivial 
solution of BVP (1). Clearly, Q = { x E C[I, E] 1 x(t) 2 0 for t E Z} is a cone 
of the Banach space C[Z, E]. A function x E C’[Z, E] is called a positive 
solution of BVP ( 1) if it satisfies (1) and x E Q, x(t) & 8. In this paper, we 
shall investigate the existence of multiple positive solutions of BVP (1) and 
will discuss some special cases. 
2. SEVERAL LEMMAS 
We first establish several lemmas. 
LEMMA 1. Suppose f E C[Zx P, P]. Dejine an operator A by 
Ax(t) = J; G(t, s) f(s, xl) ds, (2) 
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where 
G(t, s) = s( 1 - t), if s<t; 
= t(1 --s), if s>t. 
Then operator A: Q + C*[Z, E] n Q and 
(a) if x E Q such that Ax = x, then x E C’[Z, E] and x is a solution of 
BVP (1); 
(b) ifx~ C2[Z, E] n Q is a solution of BVP ( 1 ), then Ax = x. 
ProoJ Denote y = Ax for x E Q, then 
y(t) = (1 - t) 1; sf(s, x(s)) ds + f j’ (1 -s) fb, x(s)) ds, I 
and so 
y’(f)= -i“JrCs, x(s)) ds+ (1 -t) rf(c, x(t)) 
0 
+ ‘(l-s)f(s,x(s))ds-t(l-~)f.(r,x([)) f I 
=- ( sf(s, x(s)) ds + j”’ (1 -s) As, x(s)) ds. 
, 
Differentiating again, we get 
y”(r) = -tf(t, x(t)) - (1 - l) f(h x(r)) = -A4 x(t)). 
Thus, we see that y = Ax E C*[Z, E] and conclusion (a) holds. 
To prove conclusion (b), let x E C’[Z, E] n Q be a solution of BVP ( 1). 
Then, by integrating, 
x’(t) - x’(0) = -j-I f(s, x(s)) ds. 
Integrating again and observing x(0) = 0, we obtain 
x(t) - lx’(O) = - j’ds, f’ f(s, x(s)) ds 
0 
= - ’ ds ‘./.(s, x(s)) ds, 5 f 0 s 
= - 
s 
‘(r-s)f.(s,x(s))ds. 
0 
(3) 
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Setting t = 1 in (3) and using x( 1) = 0, we find 
x’(O)=j’(l-s)f(s,x(s))ds. 
0 
(4) 
Now, substituting (4) into (3), we get finally 
s, x(s)) ds -j’ (t -s) f(s, x(s)) ds 
0 
’ = t( 1 -s) f(s, x(s)) ds 
+j;su-f)f( s, x(s)) ds = Ax(t). 
In the following, the norm in space C[Z, E] is denoted by 11. II=, i.e., 
j/x /I (‘ = max,, , /I x(t) I/, and the closed balls in spaces E and C[Z, E] are 
denoted by T, = {XEE I I/XII 61) (f>O) and B, = {xEC[Z, E] 1 llxllc <I} 
(I > 0), respectively. 
LEMMA 2. Let f E C[Z x P, P]. Suppose that, for any I> 0, f is uniformly 
continuous and bounded on Ix (PA T,) and there exists a constant L, with 
0 < L, < f such that 
df(t, D))dL,W), VteI, DC Pn T,, (5) 
where c( denotes the Kuratowski measure of noncompactness. 
Then, .for any I> 0, operator A is a strict-set-contraction on Q n B,, i.e., 
there exists a constant k, with 0 <k, < 1 such that ol(A(S)) < k,oc(S) for any 
ScQn B,. 
Proof By the uniform continuity off and (5) and using [2]. we have 
4f(lxD))=y; df(t, D))6-WDh VDc Pn T,. (6) 
Since f is uniformly continuous and bounded on Z x (P n T,), we see from 
(2) that A is continuous and bounded on Q n B,. Now, let S c Q n B, be 
arbitrarily given. By virtue of (2) it is easy to show that the functions 
{Ax I x E S} are uniformly bounded and equicontinuous, and so by [ 1 ] 
4AfSf)= “,y’: 4A(S(t))), (7) 
where 
A(S(t))={Ax(t)IxES,tisfixed}cPnT,, VtEZ. 
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Using (6) and the obvious formula 
I ’ x(r)dtEW{x(r) I tEz}, vx E C[Z, E] 0 
and observing 0 d G(& s) d 1, we find 
~(~(S(~)))~~(~{G(~,S)~(S,X(S))ISEZ,XES}) 
<a(co{f(s, x(s))utJ ISEZ, x&s}) 
=a({f(s,X(S))ue) JEZ,XES}) 
=4{s(~,x(~)) I SEZ,XES}) 
d a(fU x B)) d L,a( B), vte I, (8) 
where B= {x(s) / SEZ, XES} c P n T!. For any given E > 0, there exists a 
partition S= lJ;= , S, with 
diam( S,) < CY.( S) + s/3, ,j = 1, 2, . ..) n. (9) 
Now, choose x, E Si (j= 1, 2, . . . . n) and a partition O=t, <I, < ... < 
t, < . . < tm = 1 such that 
11x,(t)-x,(i)11 <E/3, vj= 1, 2, . . . . n; 1, TV [t,- ,, t,], i= 1,2, . . . . m. (10) 
Clearly, B=tJ:=, lJ;=, B,, where B,= (x(t) (r~[t~~~,t,f, xgSji. For 
any two x(t), X(i) E B,(t, Z-E [rim I, till x, X E S,), we have, by (9) and (lo), 
Ilx(t)ll -x(i)ll 6 Ilx(t)-xj(t)ll + I xj(z)-Xj(i)ll 
+ IlXj(i) - f(i)ll 
G Ilx - xj II C + d3 + Hx, - %ll C
d 2 diam( Sj) + s/3 < 2c(( S) + E, 
which implies diam(BV) 6 2cr(S) + E, and so c1( B) < 2a(S) + E. Since E is 
arbitrary, we get 
a(B) d 2a(S). (11) 
It follows from (7), (8) and (11) that 
W(S)) < 2La(S), VScQnB,, 
and consequently A is a strict-set-contraction on Q n B, because of 2L, < 1. 
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We also need the following lemma which is concerned with the fixed 
points of strict-set-contractions (see [4, 51): 
LEMMA 3. Let K be a cone of the real Banach space X and K,,, = 
{x~KIrQllxll~R}withR>r>O.SupposethatA:K,,,-tKisastrict-set 
contraction such that one of the following two conditions is satisfied: 
(a) Ax&x,tlx~K, JJxJJ=randAx$x,Vx~K, l\xll=R. 
(b) Ax$x,VXEK, jlxll=randAx&x,VxEK, llxli=R. 
Then A has at least one fixed point in K,,. 
3. MAIN THEOREMS 
Let us list some conditions for convenience. 
(H r ) f E C[I x P, P] and f (t, 0) = 8. For any I > 0, f is uniformly con- 
tinuous and bounded on Ix (P n T,) and there exists a constant L, with 
0 d L, < f such that 
df(t, D)GLP(D), Vt E I, D c P n T,. 
(H2) Ilf(t, x)ll/ljxll -+ 0 as XE P and (1x(1 -+O uniformly in t El. 
(H,) Ilf(t, x)lI/llxll -+ 0 as XE P and llxll -+ + cc uniformly in t El. 
(H4) There exist 0 < c1< j? < 1 and 4 E P* (P* denotes the dual cone 
of P) such that 4(x) > 0 for any x > 6 and 4(f( t, x))/b(x) -+ + co as x E P 
and I/XII + 0 uniformly in t E [a, /I]. 
(H,) There exist 0 < CI < /? < 1 and 4 E P* such that d(x) > 0 for any 
x > 8 and $(f (t, x))N(x) --f + cc as x E P and llxjl --t + 00 uniformly in 
t E [a, Bl. 
(H6) There exists q > 0 such that SUP,,,,~~~~ Tq ilf(t, x)II <411/N. 
THEOREM 1. Let cone P be normal and condition (H,) be satisfied. If 
conditions (H,) and (H5) or (H,) and (H4) are satisfied, then the BVP (1) 
has at least one positive solution. 
Proof. For any 0 < LX < j3 < 1, it is easy to show that 
at, s)341 -B), vt, sE cc% PI; (12) 
G( t, s) 2 a( 1 - 8) G(u, s), VtE [cc, /?I, U,SEZ. (13) 
409’129/1-15 
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In fact, (12) is obvious and (13) follows from 
~E[cL,B]~G(~,s)=~(~--)~a(l--S), if p<sd 1; 
=t(l -s)ors(l -t)aa(l-/?), if cx <s<p; 
=s(l -t)2(1-P)s, if O<sdcr 
and 
G(u, s) d s( 1 - s), vu, s E I. 
Set 
It is clear that K is a cone of the Banach space C[1, E] and Kc Q. For any 
XEQ, we have by (13) 
241 -B) 1; G( u, s) .f(s, x(s)) ds 
= a( 1 -/3) Ax(u), VUEI. 
Hence Ax E K, and so 
A(K)cK. 
We first assume that (H2) and (H5) are satisfied. Choose 
M> Cdl -BM-colr’ 
and by (H,) there exists r> 0 such that 
U(t, x)1 2 Me), vx E P, I/XI/ z 7, l E [a, PI. 
(14) 
(15) 
(16) 
Now, for any 
R>Nr[cr(l -P)]-’ (17) 
we are going to verify that 
Ax d x, VXE K, llxllc = R. (18) 
Indeed, if there eixsts x0 E K with 11x0 11 c = R such that Ax, < x,,, then 
x,(t) 2 41 -P) x&)3 
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and so 
N II x,(t) II 2 a(1 -P) llx&H, VtE CR, PI, SEA 
which implies, by ( 17), 
41 -PI 
min Ibo(~ 2N llxollc = N 
41 -P)R>T . 
r E Cdl 
Also, by (12) we get 
t E [a, PI - x0(t) > Ax,(t) 2 j” G( t, s) f(s, x(s)) ds 
z 
b 41 - B) j” f(s, x,,(s)) ds. 
I 
It follows from (20), (19) and (16) that 
(19) 
(20) 
= 41 - P) js Kf(s, -W))l ds 
I 
3 4 1 -PI j' M&x,(s)) ds, 3L 
and, as a result, 
jl' dbdt)) dt > 41 - PNP - a) ~4 j' &o(s)) ds. 2 (21) 
It is easy to see that 
s a’ &x,(t)) dt > 0. (22) 
In fact, jf 4(x,(t)) dt = 0 implies &x0(t)) = 0, and so x,(t) = 4, for any 
t E [cc, /?I. Since x0 E K, so we have x0(s) = 8 for any s E Z, and consequently 
l/x0 11 C =O, in contradiction with l/x0 IIC = R. Now, by virtue of (21) and 
(22), we find c(( 1- b)(fl- GI)M < 1, which contradicts (15), and therefore 
(18) is true. 
On the other hand, on account of (H,) and f( t, 0) = 8 we can find a 
6 > 0 such that 
Ilf(h x) II G (2/N) IIXIIY VXEP, llxil <a, tEz. (23) 
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We now prove that for any 0 <r < 6, 
Ax 2 x, VXEK, llxllc =r. (24) 
In fact, if there exists x1 E K with /Ix1 II C = r such that Ax, > x,, then obser- 
ving 
max G( t, S) = + 
,,st I (25) 
we get 
Wt)$jl G(t,s)f(s,x,(s))ds 
0 
VtEI, 
which implies by (23) that 
<-N I2 
s - Ilx~b)ll ds‘4 ON 
and so /Ix, II C d r/2, in contradiction with llxi II C = r. Thus, (4) is true. 
By Lemma 2, A is a strict-set-contraction on K,, = {x E K I r Q 
llxll C d R}. Observing (14), (18), and (24) and using Lemma 3, we see that 
A has a fixed point on Kr,R, which is a positive solution of ( 1) by Lemma 1. 
In cases when (H3) and (H4) are satisfied, the proof is similar. In the 
same way as establishing (18) we can assert from (H4) that there exists 
6>0 such that for any O<r<6, 
Ax & x, VXEK, /x/Ic=r. (26) 
On the other hand, by (H3) there exists I> 0 such that 
Ilf(4 x)ll d P/N) llxll, VXEP, llxll>l, tEz. (27) 
Also, by W,), 
sup Ilf(h XI II = Y < + co. (28) 
r‘s/,rc Pn r, 
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It follows from (27) and (28) that 
llf(t, x)ll G Gm II-4 + Y> VXEP, ?EI. (29) 
Observing (29) and (25) and using the same method as establishing (24) 
we can assert that for any R > f Ny, 
Ax 3 x, Vx E K, llxll C = R. (30) 
Finally, (26), (30), and Lemma 3 imply that A has a fixed point on K,,,. 
THEOREM 2. Let cone P be normal. Suppose that conditions (Hi), (H,), 
(H,), and (H6) are satisfied. Then the BVP (1) has at least two positiue 
solutions x1 and x2 which satisfy 
0 < llxz II c < r < 11x1 II c. (31) 
ProoJ Assume that (H,) and (H4) are satisfied for [cc, fl] 
(0 < M < /I < 1 ), 4 E P* and [CC’, /I’] (0 < tl’ < fl’ < 1 ), qY E P*, respectively. 
Set 
K={~EQI~(~)~cL(~-~)x(s),V~E[~,~],SEZ}, 
K’ = {x E Q I x(t) > cr’( 1 - fl’) x(s), Vt E [LX’, /?‘I, sE I}. 
As in the proof of Theorem 1, we can show that 
A(K) = K A(K’)cK (32) 
and we can choose r, R with R > q> r > 0 such that 
Ax < x, VXEK, ILllc=R (33) 
Ax < x, VXEK’, llxllc =r. (34) 
On the other hand, it is easy to see that 
Ax 3 x, XEQ, llxllc =u. (35) 
In fact, if there exists x,, E Q with llxOll C = ‘1 such that Ax, 3 x0, then by 
(25) 
~W,(t)~~~ G(t, ~)fb, -G(S)) ds 
<; 1; fh xds)) & vt E I, 
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where, by virtue of (He), 
M= sup Ilf(k XIII < 4vllN. (37) 
It follows from (36) and (37) that 
a contradiction. Thus, (35) is true. 
By Lemma 2, A is a strict-set-contraction on K,,, = {x E K ) q 6 
ilxllC 6 R} and also on K:.,l = {x E KC 1 r 6 llxli 6 q}. Now, observing 
(32)-(35) and applying Lemma 3 to A, Kq,R, and A, K:,q, respectively, we 
assert that there exist x, E K,,, and x2 E KL,, such that Ax, =x1 and 
Ax, = x2 and, by Lemma 1, x, and x2 are positive solutions of BVP (1). 
Finally, (35) implies IIx, IIC #v, llxZ /IC #q, and so (31) holds. 
4. FINITE-DIMENSIONAL CASE 
As a special case when E = R” (n-dimensional Euclidean space) and P = 
(x = (X,) . .) x,)~R”jx~>O, i=l,2,...,n}, BVP(l) becomes 
-xl’ =fi(t, X,) . ..) x,), 0<161; 
x,(0)=x;(1)=0, i = 1, 2, . . . . n, 
(38) 
where f, are continuous and non-negative on 0 d t < 1, xi > 0, . . . . x, 3 0, 
and f.( t, 0, . . . . 0) s 0. In this case, condition (Hi) is automatically satisfied 
since c(( f(t, D)) is identical to zero for any t E Z and D c P n T,. It is clear 
that P* = P in this case, so if we choose 4 = (1, 1, . . . . l), then 
i(f(t, xl) E=l fit, XI, ..., x 1 
d(x) = cy=,xi 
Thus, Theorems 1 and 2 can be applied to BVP (38) and corresponding 
results can be obtained. For example, from Theorem 2 we get the following 
THEOREM 3. Let fi be continuous and non-negative on 06 t < 1, 
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x, 2 0, . . . x, 2 0, and fi( t, 0, . . . . 0) E 0 for 0 d t < 1 (i = 1, 2, . . . . n). Assume 
that there exist CI, /?, CX’, 0’ with 0 < c( </I < 1, 0 < CI’ < /?’ < 1 such that 
cr=, fit& Xl, ...? x,1 
c:= 1 Xl 
++oO 
uniformly in t E [cc, /?I as xi 30, x;=, xf -+ + co, and uniformly in 
t E [cc’, /?I as x 2 0, C:=, xf -+ 0. Moreover, suppose that there exists r] > 0 
such that 
i Cfi(r, Xl, ‘..2 %)I2 < 1w 
i=l 
for 0 < t < 1, x, 2 0, C:_ 1 xt < q2. Then the BVP (38) has at least two non- 
trivial non-negative solutions x~“, xj” E C’[O, 11, which satisfy 
O< max 0~,~, li cxm2) 
( ,=I 
<rj*< max 0~,~, i r~l”c~H2) 
( ,=I 
In particular, if n = 1, then BVP (38) reduces to 
-x”=f(t, x), Odt<1;x(O)=X(1)=O 
and Theorem 3 becomes the following 
(39) 
COROLLARY. Let f(t, x) be continuous and non-negative on 0 d t 6 1, 
x >, 0, and f (t, 0) = 0 for 0 < t Q 1. Suppose that there exist CI, b, GL’, fl’ with 
O<a<B< 1, O<a’<fl’< 1 such that 
f(4 xl ‘---+-,a 
X 
uniformly in t E [cl, /I] as x + + 00, and uniformly in t E [a’, /?‘I as x -+ +O. 
Moreover, assume that there exist q > 0 such that 
Then the BVP (39) has at least two non-trivial non-negative solutions x(I), 
x(‘) E C*[O, 1 ] with 
0 < ma, x(‘)(t) < r/ < ,nyl x’yt). 
. . . . 
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Remark. It is easy to give some elementary functionsf, which satisfy all 
conditions of the corollary. For example, 
f(t,x)=2&sin7rt+(e”-l)t3 (choose r] = 1 ), 
and 
f( t, x) = 37u( 1 - t) tarP3x 
+ x2 In( 1 + tx + t2x2) (choose q = n/4). 
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